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ABSTRACT
We study the mass generation of self-dual two form gauge field by topologically cou-
pling it to the three rank anti-symmetric field. We use the various non-covariant
Lagrangian of self-dual two form to perform the analysis and find that the field equa-
tion of massive self-dual two form gauge field may be described by ∂2Bab +m2Bab = 0
or ∂c(F
cab − F˜ cab) +m2Bab = 0. We also find that, depending on the formulation of
self-dual two form gauge field, the three rank anti-symmetric field may or may not be
totally eliminated. Thus the different Lagrangian will show different mass generation
mechanisms.
*E-mail: whhwung@mail.ncku.edu.tw
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1 Introduction
In string theory [1] and M-theory five-branes [2] the Chiral p-forms, i.e. antisymmetric
boson fields with self-dual (p+1)-form field strengths play a central role. However,
there is a problem in Lagrangian description of chiral bosons, since manifest duality
and spacetime covariance do not like to live in harmony with each other in one action,
as first seen by Marcus and Schwarz [3].
Historically, the non-manifestly spacetime covariant action for self-dual 0-form was
proposed by Floreanini and Jackiw [4], which is then generalized to p-form by Henneaux
and Teitelboim [5]. Recently, a new non-covariant Lagrangian formulation of a chiral
2-form gauge field in 6D, called as (6=3+3) decomposition, was derived in [6] from
the Bagger-Lambert-Gustavsson (BLG) model [7]. Later, a general non-covariant La-
grangian formulation of self-dual gauge theories in diverse dimensions was constructed
[8]. In this general formulation the (6=2+4) decomposition of Lagrangian was found.
In a recent paper [9] we have found the new non-covariant Lagrangian formulation in
the decomposition of D = D1 +D2 +D3 and other possible decomposition.
In [10] Lambert et.al. had discussed 6D Higgs mechanism of self-dual two form and
pointed some problems therein1. Let us first mention that manifest duality and mass
do not like to live in harmony with each other. The self-duality property of the field
strength implies following relation
H˜abc = Habc ⇒
1
6
ǫabcdefH
def = Habc
⇒
1
2
ǫabcdef∂
dBef = ∂aBbc + ∂cBab + ∂bBca
⇒ 0 =
1
2
∂a(ǫabcdef∂
dBef) = ∂a(∂aBbc + ∂cBab + ∂bBca)
⇒ 0 = ∂a∂aBbc + (∂c∂
aBab + ∂b∂
aBca) (1.1)
Under the Lorenz gauge ∂aBab = 0 above relation implies that Bbc is described by
massless wave equation. We can arrive the same conclusion without use the Lorenz
gauge. In this case we define mass of Bbc by
∂c∂
aBab + ∂b∂
aBca = m
2Bbc ⇒ ∂a(∂c∂
sBsb + ∂b∂
sBcs) = m
2∂aBbc (1.2)
In the same way, we get relations
∂b(∂a∂
sBsc + ∂c∂
sBas) = m
2∂bBca (1.3)
∂c(∂b∂
sBsa + ∂a∂
sBbs) = m
2∂cBab (1.4)
1We thank Kuo-Wei Huang for mentioning this problem to us
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Add above three relations we find that 0 = m2Habc, which implies m = 0 for self-dual
two form gauge field. Notice that in above proof we have assume that all components
of Bab field have same mass.
In this paper we will discuss the mass generation of self-dual two form gauge field
from topologically coupling method [11,12]. In this method we does not break the
gauge symmetry and is no need of a Higgs field. We topologically couple self-dual
two form gauge field to the three rank anti-symmetric field and use the various non-
covariant Lagrangian of self-dual two form to analysis the mass generation mechanism
therein.
In section 2 we first review the topologically massive BF model (TMBF) in which
the Maxwell field strength F is topologically coupling to the two rank anti-symmetric
field B by the ǫµνλρB
λρF µν . We see how the B field is totally eliminated and photon
acquires mass. Next, we extend the mechanism to the system with topologically couple
self-dual two form gauge field to the three rank anti-symmetric field.
In section 3 we first use the oldest non-covariant Lagrangian, the decomposition
of 6 = 1 + 5 to discuss the issue of how to construct the topologically coupling of
self-dual two form gauge field to the three rank anti-symmetric field. In section 4 we
use the decomposition of 6 = 3 + 3 in [6] to investigate the problem. We have found
that the field equation of massive self-dual two form gauge field may be described by
∂2Bab +m2Bab = 0 or
∂c(F
cab
− F˜ cab) +m2Bab = 0 (1.5)
in which F˜ cab is the dual field strength of F cab. We also find that, depending on the
formulation of self-dual two form gauge field, the three rank anti-symmetric field may
or may not be totally eliminated. Thus different Lagrangian will show different mass
generation mechanism. Last section is devoted to a short conclusion and mention some
furthermore works..
2 Topologically Coupling in 4D and 6D Spacetime
We first review the 4D topologically massive BF model (TMBF) and then extend the
model to higher rank field theory.
2.1 Topologically Coupling in 4D Spacetime
Action of topological massive BF model is
S =
∫
d4x
[
−
1
4
FµνF
µν +
1
12
HµνλH
µνλ +
m
4
ǫµνλρBµνFλρ
]
(2.1)
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where Fµν ≡ ∂[µAν] and Hµνλ ≡ ∂[µBνλ]. The action is invariant under the independent
gauge transformations:
δAµ = ∂µΛ, δBµν = 0 (2.2)
δAµ = 0, δBµν = ∂µΛν − ∂νΛµ (2.3)
The field equations associated with Aµ and Bµν are
∂νF
µν
−
m
6
ǫµνλρHνλρ = 0 (2.4)
∂λH
µνλ +mǫµνλρFλρ = 0 (2.5)
The solution of (2.5) is
Hµνλ = ǫµνλρ
(
∂ρS −mAρ
)
(2.6)
where S is an arbitrary function. Substituting the solution into (2.4) we find
∂νF
µν
−m2Aµ +m ∂µS = 0 (2.7)
Defining A¯µ ≡ Aµ −
1
m
∂µS above relation becomes
∂νF¯
µν
−m2A¯µ = 0 (2.8)
and photon field Aµ acquires mass. Note that in 4D the massless anti-symmetric
field Bµν has one degree of freedom. Now, through the topologically coupling to the
photon field by ǫµνλρB
λρF µν , the gauge invariant equations of motion (2.4) and (2.5)
show that B field can be eliminated in terms of a gauge invariant vector field which
satisfies the Proca equation and consequently we have only one massive spin-1 particle.
2.2 Topologically Coupling in 6D Spacetime
We can easily extend above mechanism to high rank tensor field. Consider the action
S =
∫
d6x
[
−
1
6
FµνλF
µνλ
−
1
48
WµνλρW
µνλρ +
m
3
ǫµνλρσδWµνλρBσδ
]
(2.9)
where Fµνλ ≡ ∂[µBνλ] and Wµνλρ ≡ ∂[µCνλρ]. The action is invariant under the inde-
pendent gauge transformations:
δBµν = ∂[µΛν], δCµνλ = 0 (2.10)
δBµν = 0, δCµνλ = ∂[µΛνλ] (2.11)
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The field equations associated with Bµν and Cµνλ are
∂λF
µνλ
−
m
3
ǫµνλρσδWλρσδ = 0 (2.12)
∂ρW
ρµνλ
− 8mǫµνλρσδ∂ρBσδ = 0 (2.13)
The solution of (2.13) is
W µνλρ = ǫµνλρσδ
(
8mBσδ + ∂[σSδ]) (2.14)
where Sσ is an arbitrary function. Substituting the solution into (2.12) we find
∂λF
µνλ +
m
3
(
16m Bµν + ∂[µSν]
)
= 0 (2.15)
Defining B¯µν ≡ Bµν −
1
16m
∂[µSν] above relation becomes
∂λF¯
µνλ
−
16m
3
B¯µν = 0 (2.16)
and anti-symmetry fieldBµν acquires mass. Note that in 6D the massless anti-symmetric
field Cµνλ has 4 degrees of freedom while massless anti-symmetric fieldBµν has 6 degrees
of freedom. Now, through the topologically coupling by ǫµνλρabWµνλρBab we see that C
field can be completely eliminated and consequently we have massive anti-symmetric
field Bµν, which has 10 degrees of freedom.
In next section we will investigate how to extend above mechanism to the self-dual
field theory
3 Topologically Coupling in Self-Dual 2 form with
1+5 decomposition
As there are many kinds of non-covariant Lagrangian for self-dual field [8,9] we will
first consider the Lagrangian of (1+5) decomposition. In this formulation the spacetime
index µ = (1, · · ·, 6) is decomposed as (1, a˙), with a˙ = (2, · · ·, 6).
3.1 Topologically Coupling in 1+5 decomposition (A)
The first possible action with self-dual field Bµν which is topologically coupling to 3
rank antisymmetry field Cµνλρ is described by the action
S1+5 =
∫
d6x
[
−
1
4
F˜1a˙b˙(F
1a˙b˙
− F˜ 1a˙b˙)−
1
48
WµνλρW
µνλρ +
m
3
ǫµνλρσδWµνλρBσδ
]
(3.1)
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in which the dual field strength is defined byF˜ µνλ ≡ 1
6
ǫµνλρσδFρσδ.
The variation of the action with respect to field gives field equation. First
0 =
δS1+5
δB1a˙
= −
1
2
∂b˙F˜
b˙1a˙ +
2m
3
ǫb˙c˙d˙e˙1a˙Wb˙c˙d˙e˙ =
2m
3
ǫb˙c˙d˙e˙1a˙Wb˙c˙d˙e˙ (3.2)
in which we have used the property that ∂b˙F˜
b˙1a˙ is identically zero. Eq.(3.2) gives us a
constrain
Wb˙c˙d˙e˙ = 0 (3.3)
This means that terms in action involved B1a˙ only through total derivative terms after
using above constrain and we have gauge symmetry
δB1a˙ = Φ1a˙ (3.4)
for arbitrary functions Φ1a˙. The gauge symmetry is crucial to prove the self-dual
property in [8,9].
The next field equation is
0 =
δS1+5
δBa˙b˙
=
1
4
(
∂1F˜
1a˙b˙
− ∂c˙F˜
c˙a˙b˙
)
+
1
2
∂c˙F
c˙a˙b˙ +
4m
3
ǫ1a˙b˙c˙d˙e˙W1c˙d˙e˙
=
1
2
∂c˙F
1a˙b˙ +
4m
3
ǫ1a˙b˙c˙d˙e˙W1d˙e˙ (3.5)
in which we define
Fµνλ ≡ Fµνλ − F˜µνλ (3.6)
and use the property that ∂1F˜
1a˙b˙ + ∂c˙F˜
c˙a˙b˙ = 0.
The remained field equations are
0 =
δS1+5
δC1a˙b˙
=
1
2
∂c˙W
c˙1a˙b˙
− 4m ǫ1a˙b˙c˙d˙e˙∂c˙Bd˙e˙ (3.7)
0 =
δS1+5
δCa˙b˙c˙
=
1
6
∂1W
1a˙b˙bc˙
−
4m
3
ǫ1a˙b˙c˙d˙e˙∂1Bd˙e˙ (3.8)
To obtain the last relation we have used (3.3) and (3.4). Eq.(3.7) has solution
W 1a˙b˙c˙ = ǫ1a˙b˙c˙d˙e˙
(
∂d˙Se˙ + 8mBd˙e˙
)
(3.9)
where Sa˙ is an arbitrary function. Note that above solution also solves (3.7).
Finally, substituting the solution (3.9) into (3.5) we find
∂c˙F
c˙a˙b˙ +
8m
3
(
8mBa˙b˙ + ∂[a˙S b˙]
)
= 0 (3.10)
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Define B¯a˙b˙ = Ba˙b˙ + 1
8m
∂[a˙S b˙] above equation becomes
∂c˙F¯
c˙a˙b˙ +
64m2
3
B¯a˙b˙ = 0 (3.11)
This describes massive the self-dual field which acquires mass through the topologically
coupling with 3 form field.
Let us make following comments to conclude this subsection.
1. The massive self-dual field equation is ∂c˙
(
F c˙a˙b˙ − F˜ c˙a˙b˙
)
+m2B¯a˙b˙ = 0 while field
equation of 2 form field without self-duality is ∂λF
µνλ
−m2 Bµν = 0. Thus the field
strength F c˙a˙b˙ in non-self-duality 2 form is replaced by the anti-self-dual field strength
F
c˙a˙b˙
≡ F c˙a˙b˙ − F¯ c˙a˙b˙ in massive self-dual 2 form field equation.
2. In 6D the massless self-dual 2 form has 3 degrees of freedom while massless anti-
symmetric field Cµν has 4 degrees of freedom. However, under the constrain relation
(3.3) Cµν remain 3 degrees of freedom. This means that we remain only 3+3=6 degrees
of freedom. Now, through the topologically coupling we see that B1a˙ can be gauge
alway and we remain a massive field B¯a˙b˙, which has 6 degrees of freedom. Therefore,
the degrees of freedom is conserved under topologically coupling.
3. The Lagrangian we used in (3.1) has the property that the kinetic part of self-
dual 2 form is non-covariant while 3 form and topologically coupling are covariant. At
first sight, this seems to be a nice choice as we have most terms which are covariant.
However, this choice suffers a strange property that the constrain relation (3.3) will
delete one degrees of freedom from the original Lagrangian. This lead us to consider
another possible Lagrangian in which 3 form remains covariant but topologically cou-
pling is non-covariant. Note that as the kinetic part of self-dual 2 form is non-covariant
the topologically coupling which couples 3 form with 2 form may be non-covariant. We
will use this kind of topologically coupling in the following section.
3.2 Topologically Coupling in 1+5 decomposition (B)
We consider another possible action with self-dual field Bµν which is topologically
coupling to 3 rank antisymmetry field Cµνλρ. The action is
S1+5 =
∫
d6x
[
−
1
4
F˜1a˙b˙(F
1a˙b˙
− F˜ 1a˙b˙)−
1
48
WµνλρW
µνλρ +
m
3
ǫ1a˙b˙c˙d˙e˙W1a˙b˙c˙Bd˙e˙
]
(3.12)
in which both of kinetic part of self-dual 2 form and topologically coupling of 3- form
to 2-form are non-covariant.
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The variation of the action with respect to field gives field equation. First
0 =
δS1+5
δB1a˙
= −
1
2
∂b˙F˜
b˙1a˙ (3.13)
which is identically zero. This means that terms involved B1a˙ only through total
derivative terms and we have a gauge symmetry
δB1a˙ = Φ1a˙ (3.14)
for arbitrary functions Φ1a˙. The other field equations are
0 =
δS1+5
δBa˙b˙
=
1
2
∂c˙
(
F c˙a˙b˙ − F˜ c˙a˙b˙
)
+
m
3
ǫ1a˙b˙c˙d˙e˙W1c˙d˙e˙ (3.15)
0 =
δS1+5
δC1a˙b˙
=
1
2
∂c˙W
c˙1a˙b˙
−mǫ1a˙b˙c˙d˙e˙∂c˙Bd˙e˙ (3.16)
0 =
δS1+5
δCa˙b˙c˙
=
1
6
∂d˙W
d˙a˙b˙c˙ +
1
6
∂1W
1a˙b˙c˙
−
m
3
ǫ1a˙b˙c˙d˙e˙∂1Bd˙e˙ (3.17)
Eq.(3.16) has solution
W 1a˙b˙c˙ = ǫ1a˙b˙c˙d˙e˙
(
∂d˙Se˙ + 2mBd˙e˙
)
(3.18)
where Sa˙ is an arbitrary function.
Substituting the solution (3.18) into (3.17) we find that
∂d˙W
d˙a˙b˙c˙ + ǫ1a˙b˙c˙d˙e˙∂1∂d˙Se˙ = 0 (3.19)
which has solution
W d˙a˙b˙c˙ = ǫa˙b˙c˙d˙e˙
(
∂e˙Φ + Se˙
)
(3.20)
where Φ is an arbitrary function. This solution tells us that there is one degree freedom
in non-zero value of W d˙a˙b˙c˙.
Substituting the solution (3.18) into (3.15) we find that
∂c˙F
c˙a˙b˙ +
2m
3
(
16mBa˙b˙ + ∂[a˙S b˙]
)
= 0 (3.21)
Define B¯a˙b˙ = Ba˙b˙ + 1
16m
∂[a˙S b˙] above equation becomes
∂c˙F¯
c˙a˙b˙ +
32m2
3
B¯a˙b˙ = 0 (3.22)
This describes a massive self-dual field which acquires mass through the topologically
coupling with 3 form field.
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Note that in 6D the massless self-dual 2 form has 3 degrees of freedom while massless
anti-symmetric field Cµν has 4 degrees of freedom. Under the topologically coupling
there remains 1 degrees of freedom inWa˙b˙c˙d˙ and we have a massive field B¯a˙b˙ which has 6
degrees of freedom. Therefore, the degrees of freedom is conserved under topologically
coupling.
4 Topologically Coupling in Self-Dual 2 form with
3+3 decompositions
In the (3+3) decomposition [6] the spacetime index A is decomposed as µ = (a, a˙),
with a = (1, 2, 3) and a˙ = (4, 5, 6). The action we adopted is
S3+3 =
∫
dx6
[
−
1
12
F˜abcF
abc
−
1
4
F˜aba˙F
aba˙
−
1
48
WµνλρW
µνλρ
+m ǫabca˙b˙c˙
(
2Wbcb˙c˙Baa˙ +Wabcc˙Ba˙b˙
)]
(4.1)
The variation of the action with respect to field gives field equation. First
0 =
δS3+3
δBab
=
1
4
(
∂cF˜
cab + ∂a˙F˜
a˙ab
)
(4.2)
which is identically zero and we have a gauge symmetry
δBab = Φab (4.3)
for arbitrary functions Φab. The other field equations are
0 =
δS3+3
δBaa˙
= ∂b˙F
aa˙b˙ + 2m ǫabca˙b˙c˙Wbcb˙c˙ (4.4)
0 =
δS3+3
δBa˙b˙
=
1
2
(
∂c˙F
a˙b˙c˙ + ∂aF
aa˙b˙
)
+m ǫabca˙b˙c˙Wabcc˙ (4.5)
The field equation
0 =
δS3+3
δCabc
=
1
6
∂a˙W
a˙abc
−mǫabca˙b˙c˙∂c˙Ba˙b˙ (4.6)
has solution
W a˙abc = ǫabca˙b˙c˙
(
∂b˙Φc˙ + 6mBb˙c˙
)
(4.7)
Substituting the solution into (4.5) we find
0 =
δS3+3
δBa˙b˙
=
1
2
(
∂c˙F
a˙b˙c˙ + ∂aF
aa˙b˙
)
+ 4m
(
∂[a˙Φb˙] + 6mBa˙b˙
)
(4.8)
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After proper gauge transition B¯a˙b˙ = Ba˙b˙ +
1
6m
∂[a˙Φb˙] above relation becomes
0 = ∂c˙F
a˙b˙c˙ + ∂aF
aa˙b˙ + 24m2B¯a˙b˙ (4.9)
which describes a massive field of 2 form field B¯ab˙. In the Lorentz gauge above equation
becomes
∂2Ba˙b˙ + 24m2Ba˙b˙ = 0 (4.10)
which describes a massive wave equation.
The remained field equations are
0 =
δS3+3
δCa˙b˙c˙
=
1
6
∂aW
aa˙b˙c˙ (4.11)
0 =
δS3+3
δCaba˙
=
1
2
∂cW
caba˙ + 2∂b˙W
b˙aba˙
− 4mǫabca˙b˙c˙∂c˙Bcb˙ − 3mǫ
abca˙b˙c˙∂cBb˙c˙ (4.12)
0 =
δS3+3
δCaa˙b˙
= 4∂bW
baa˙b˙ + 2∂c˙W
c˙aa˙b˙
− 4mǫabca˙b˙c˙∂bBcc˙ (4.13)
in which Φ is an arbitrary function. Substituting the solution (4.7) into (4.12) we can
find solution of W aba˙c˙
W aba˙c˙ = ǫabca˙b˙c˙
(
∂b˙Φ˜c + 4mBcb˙ − ∂b˙Φc
)
(4.14)
in which Φ˜ is another arbitrary function.
Substituting the solution (4.14) into (4.4) we find
0 = ∂b˙F
aa˙b˙ + 2m
(
4mBab˙ + ∂[aΦ˜b˙] − ∂[aΦb˙]
)
(4.15)
After proper gauge transition B¯ab˙ = Bab˙ +
1
4m
(
∂[aΦ˜b˙] − ∂[aΦb˙]
)
above relation becomes
0 = ∂b˙F¯
aa˙b˙ + 8m2B¯ab˙ (4.16)
which describes a massive field of 2 form field B¯ab˙.
Finally, Substituting the solution (4.14) into (4.13) we find that
0 = ∂c˙W
aa˙b˙c˙ (4.17)
Eqs.(4.11) and (4.17) describe field equation of massless Ca˙b˙c˙ and Caa˙b˙ which, however,
have no degree of freedom.
We thus see that in 3+3 decomposition, the massless 3-rank field Cabc has 1 degree
of freedom and Caba˙ has 3 degree of freedoms. They are all absorbed by self-dual 2
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form. Now, through topologically coupling we find a massive Baa˙ which has 6 degree of
freedoms and a massive Ba˙b˙ which has 1 degree of freedoms. Therefore, the degrees of
freedom is conserved under topologically coupling. Notice that in 1+5 decomposition
we remain a massless C contain which has 1 degree of freedoms after the topologically
coupling, while in 3+3 decomposition all degree of freedoms of C field are eliminated.
Thus, we see that,depending on the formulation of self-dual two form gauge field, the
three rank anti-symmetric field may or may not be totally eliminated and the different
Lagrangian will show different mass generation mechanism.
Let us mention some properties found from above investigation.
1. Without topologically coupling some components of 2 form in non-covariant
Lagrangian only appear as a totally derivative terms. (for example the Bab field in
(3.14)) When we consider topologically coupling of 2 form to 3 form the topological
term shall not contain this Bab field. Otherwise, it will produce a strange constrain,
like (3.3), and it will remove some degree of freedom in the original Lagrangian.
2. Without topologically coupling some field equations of self-dual 2 form may
appear in a simple form : 0 = δS
δBab
= ∂cF
cab. In this case, after the topologically
coupling the field equation of the massive self-dual 2 form will become 0 = ∂cF
cab +
M2Bab, as those in (3.22) and (4.16). Otherwise the field equation of the massive
self-dual 2 form will become a massive wave equation, as that in (4.10).
3. It is expected that above properties will also show in other decomposition of
self-dual 2 form and higher-rank tensor theory.
5 Conclusion
In conclusion, we have discussed the mass generation of self-dual two form gauge field
by considering it topologically couples to the three rank anti-symmetric field. We have
used 1+5 and 3+3 decompositions in the non-covariant Lagrangian of self-dual two
form to analysis mass generation mechanism therein.
We have found that the field equation of massive self-dual two form gauge field
may be described by ∂2Bab + m2Bab = 0 or ∂c(F
cab − F˜ cab) + m2Bab = 0. We also
find that, depending on the formulation of self-dual two form gauge field, the three
rank anti-symmetric field may or may not be totally eliminated. Thus, the different
Lagrangian will show different mass generation mechanism.
Note that, as there are many different formulations of the self-dual gauge field [8,9]
it will be interesting to investigate how the different formulations will affect the mass
11
generation mechanism in detail. It is also interesting to see how the mass generation
mechanism adopted in this paper could be extended to be a covariant form, as that in
PST formulation [13,14].
Finally, in recent the non-Abelian self-dual gauge theory in 1+5 dimension had
been found [15], i.e. HHM formulation, in which the covariant derivative Dµ of self-
dual two form is obtained therefore. Maybe one can use the covariant derivative to
couple self-dual two form to scalar field and see how the Higgs mechanism will be shown
in the HHM formulation. It is interesting to compare this result with our finding in
this paper.
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